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Four-phonon scattering in superfluid ‘He
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Department of Physics, Universily of Exeter, Stocker Road, Exeter EX4 4QL, UK

Received 11 June 1992

Abstract. The scattering of high-frequency (fiw/kg > 10 K) phonons injected into
superfluid *He with low-frequency (Aw/kg < 1 K} thermal phonons in the liquid
is studied both experimentally and theoretically. Quantum evaporation enables the
selective study of only the high-frequency phonons. The atienuation of evaporation
signals as the temperature is increased from 70 mK to 250 mK for various liquid path
lengths is interpreted in terms of four-phonon scattering involving the high-frequency
injected phonons and the Jow-frequency thermzl phonons. Monte Carlo simulations of
the signal variation with temperature show that the measured scattering is much weaker
than the hydrodynamic theory has previously predicted. However, when this theory is
extended 1o include diagrams representing further possible routes of the four-phonon
scattering process, there are significant cancellations between these extra diagrams and
those considered earlier. This leads to a weaker interaction and to a much improved
agreement with the experimental results.

1. Introduction

The scattering between phonons in solids enables the phonons to come into equi-
librium and also accounts for the thermal resistance of pure insulating crystals. The
dominant scattering process involves three phonons (3PP} with energy conservation
wy + wy + wy and crystal momentum conservation &, «— k, + ks + G where G is
a reciprocal-lattice vector. Scattering involving four phonons (4PP) contributes only
a small fraction to the phonon lifetime and so the 4PP has not yet been measured
and related to theory [1]. Comparisons between theory and experiment are also com-
plicated by the presence of impurities and crystal defects in real solids. A study of
four-phonon scattering requires a medium that is very pure, free from defects, and
where the three-phonon process is inhibited.

Superfluid “He (He II) is an almost ideal medium in which phonon propagation
may be studied, uncomplicated by the structural defects and anisotropy inherent in
solids, and has a range of phonon frequencies where the 3PP s not allowed. Only
longitudinal phonons are present because the liquid cannot support transverse polari-
zations. At Jow temperatures, a phonon distribution injected into He II splits into a
high-frequency (hw/kg > 10 K) and a low-frequency distribution because phonons
with (hw/ky < 10 K) are unstable against decay {2]. This is due to the anoma-
lous behaviour (upward curvature) of the dispersion curve at low frequencies. For
low-frequency phonons, the situation is similar to that in solids, with the 3PP com-
pletely masking the 4PP at zero pressure. However, for the high-frequency phonons
(fiw kg > 10 K), the 3PP is not allowed and the 4PP becomes the dominant process.
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As we can readily study these high-frequency phonons by ‘quantum evaporation’ [3],
and as we are confident that the scattering originates from phonon-phonon interac-
tions, we have a unique system in which to measure the 4pP,

The dispersion curve of phonons in He II has been measured directly by neutron
scattering. The neutron scattering linewidths are related to the lifetimes of the
excitations, which are due to both decays and scattering with other ambient excitations
[4). For low- and high-frequency phonons these linewidths are too small 10 measure
when T < 1.2 K. The lifetimes of medium frequency (5.5 K < hw/kp < 8.5 K)
phonons can be measured using neutron spin-echo techniques [5]. The shortness
of the lifetimes of these phonons is due to the strong three-phonon (p; — p, +
p;) decays allowed by the anomalous dispersion (upward curvature of w(qg)} in this
frequency region. At Jow temperatures, the 4PP rate is far too small to be obtained
from measurements of the neutron scattering linewidths.

Four-phonon scattering (p; + p, — P3 + P4) in liquid helium was studied the-
oretically to describe the viscosity of the fluid 6], and the attenuation of sound via
relaxation processes in the phonon ‘gas’ [7]. When these calculations were published,
the dispersion of phonons in He II was believed to curve downwards at all frequen-
cics, so three-phonon interactions were forbidden and the four-phonon interactions
dominated. However, we now know that there is anomalous dispersion which gives
a strong interaction by the three-phonon process (3PP). Because the 3PP rate varies
approximately as ¢° [8] up to a frequency limit at A /kg = 8.6 K (estimated
from neutron scattering data [9]), it is weak for low-frequency phonons, and for
these phonons, the four-phonon process (4PP) must also be considered. At the high-
frequency end of the phonon spectrum, the 3PP is strictly forbidden for phonons with
w > wd, Spontaneous decay into a multitude of low-frequency phonons is possible
for phonons with frequencies up to wl®™), where Auw{* [k = 10 K So we have high-
frequency (hwr fkp > 10 K) phonons which are stable against spontaneous decay, and
their only significant interaction, for T < 0.5 K, is four-phonon scattering.

It is now possible to study the attenuation of these high-frequency phonons using
quantum evaporation, where only excitations with energy preater than thc binding
energy of a helium atom to the liquid (7.16 K) can create a detectable signal at a
receiver in the vapour. The purpose of this paper is to describe the attenuation of
these signals in terms of four-phonon scattering where the high-frequency injected
phonon collides with a low-frequency thermal phonon and creates two final-state
phonons. First, the method used in {6, 10] to obtain the four-phonon scattering -rate
is outlined to highlight the assumptions and simplifications made.

2. Review of Landau and Khalatnikov’s theory
The liguid Hamiltonian as a function of density is given by
E(o)= [ H(p)av 1)

where H(p) is the local energy density

_(pot+pIv-v  Fp* 18 (cz) s, 1 8° (cz) "
H{p)= - + S +§'!“3"; — )t gz =+ )
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where c is the ultrasonic velocity, v is the fluid velocity, g, is the equilibrium liquid
density, p is the time- and space-dependent density, and p/ = p — p, is the density
perturbation from equilibrium [6]. For a quantum description, » and p’ can be
expressed in terms of the phonon creation (a*) and annihilation (a) operators,

1/2
v(r) = % Z (Ehp%) e, (aq exp{i(g - r —wi)} + a;' exp{-i(g-r —wt)}) (3)
g

1/2
P =3 (32) ala,explilarr - w}+af expl-ilg-r—wt)}) @
q |

where I“j’“;c‘-] = 6;;, and e, is the unit vector in the direction of the momen-
tum. Terms in the Hamiltonian which are to nth order in the quantum operators
correspond to interaction vertices invoiving » phonons.

1 3
Vi
4 2 " . .
Figure 1. Two possible routes by which two incom-
time ing phonons can interact and produce two different
——————- outgoing phonons.

Until now, only two routes of the four-phonen interaction have been actively
considered in He II, and these are shown in figure 1. The second of these two
diagrams (the four-phonon point vertex) was neglected in favour of the much stronger
process represented by the first diagram. In second-order perturbation theory, the
matrix element for the single remaining diagram is given by

= 15 (9251 V51Q){Q1Vsla105)
M= 52 ola+ ey - () 2

where

V= p'v-v/2+(1/31)(8/8p)(c*/p)0". ()

The wavevector of the intermediate state is determined by the conservation of mo-
mentum such that

Q=g +9 =g+ g, 0

Because the matrix element becomes large for incoming phonons with parailel
momenta due to the denominator in equation (5), Landau and Khalatnikov (6] cal-
culate the cross sectior (using Fermi’s Golden Rule) by integrating only over small
angles between the two incoming phonons, and assume that this is the dominant con-
tribution. The cross section for a high-frequency phonon in a region of low-frequency
thermal phonons is given as [6, 10]

o{a;) = (u+ 1)*q}/[7(24p4c) ] @®
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where g, is the wavevector of the high-frequency phonon, 4 = 3 x 1047 s% kg=? m~2
is the dispersion parameter in

w = coq(1 — vh*q?) ®
and
u=(pfc)(dc/Bp) = 2.84 (10)

is the Griineisen parameter given by experiment {11]. The mean free paths { obtained
from ! = (no)~!, where n is the number density of thermal phonons, are shown in
figure 2. For T = 100 mK, these path lengths are less than 0.1 mm.

If the two incoming phonons in a four-phonon interaction have parallel momenta,
then the momentum of the high-frequency outgoing phonon must be greater than the
momentum of the high-frequency ingoing phonon. For anti-parallel collisions, the
high-frequency outgoing phonon has a smaller momentum than the ingoing high-
frequency phonon. In parallel collisions, the density of final states is small, but the
matrix element is large because of the small denominator in equation (5). In anti-
parallel coilisions, the matrix element is smaller but the density of final states is larger.
Therefore, it can be argued that these two effects compensate for each other to give
a final-state phonon that has nearly the same frequency and direction as the high-
frequency ingoing phonon. This is because a small but finite angle between the two
incoming phonons allows some down-scattering which is enhanced by the density of
final states. Consequently many interactions would be necessary for a high-frequency
phonon to be lost from a collimated beam, either by small angular changes or by
energy loss to below the threshold of stability against decay [12].

10: T T T T - 10 Y e et
.| | :‘::‘ gL phonans |
— =]
£ £
5 = - .
B, 50mK = 6
BT ~ B
F | 3 i
o 100mK 2 rotons (= 10}
= g
10° 4 &
\JSGmK -:*:" 2
200mK =
_Io-h 1 ] L |250mK . - 0 L i 1 i
05 06 07 08 09 1 0 005 6.1 Q15 0.2 025

Wave veetor (A™) Temperature (K)
Figure 2. The mean free path for high-frequency Figure 3. The dependence upon ambient lig-

phonons as a function of wavevector in a distribu- uid temperature of evaporation signals for high-
tion of ambient thermal phonons at the temperature frequency phonons and rotons from 2.5 mW mm =2,
shown, according to [6]. 10 ps heat pulses. The roton signal has been scaled

down by a factor of 10, The liquid path length is
4.3 mm and the total path length is 7.7 mm. Re-
produced from [13],
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The first experiments on the evaporation of atoms by high-frequency phonons have
shown that for a liquid path length of 43 mm, the signal is significantly attenuated
in the temperature range between 120 mK and 200 mK, as shown in figure 3 [13].
This temperature dependence can be modelled using the mean free paths shown
in figure 2 by assuming an average angular chapge and energy change of the high-
frequency phonon at each interaction [12]. However, while attempting to calculate
accurate values for these angular and energy changes, an important shortcoming of
the theory came to light. Diagrams that were previously assumed to be negligible
were in fact comparable in magnitude with the major term considered by Landau
and Khalatnikov. We were influenced in this work by the theory of roton-phonon
scattering [14)].

In the next section, the matrix element is expanded to include all the possible
single intermediate states. The simulated attenuation of phonon evaporation sig-
nals is then compared with new experimental results which are extended to lower
temperatures than previously obtained, for a range of liquid path lengths.

3. Theory

The four-phonon scattering rate is now obtained by including all of the diagrams
that were initially considered in [6]. Diagrams containing two or more intermediate
states are expected to be unimportant in this caiculation because the series expansion
in equation {2) is assumed to converge. If the four phonons in the interaction are
specified, then the matrix element for four-phonon scattering will consist of the terms
due to the diagrams shown in figure 4, and can be written as

My ,= Y Mc~My+ Mg+ Mc+ M, (1n

all routes

where M,_ ., = {gaq,]f|q, g.} represents the matrix element for two initial phonons
scattering to form two final phonons.

The first two diagrams include the term considered in earlier versions of the
four-phonon scattering theory

= 1 {(%%f%]@)(@“@!‘hqz) (QW;SEQL%Q)(Q%%!VQJQ)} (12)
AT R lwlg) +u(g) —w(Q) ~ —wlg) - wigy) —w(Q)

where V, is given by equation (6), Q is given by equation (7) for the first contribution
in the curly brackets and [} is the ‘vacuum’ state representing the system without
phonons. The second contribution arises from the reversal of the time ordering of
the interaction vertices and so the direction of the intermediate state @ is reversed.

The second pair of diagrams involves a propagator which transfers energy and
momentum from one phonon to the other.

Mo = _{{(qqi‘élqu)(Qqalelql) + as1V3le @)(Q4yVslay)
BT A L w(g) —wlgs) —w(Q) ' wigy) —w(gs) -w(Q)

where Q = ¢, — g3 = g, — g, for the first contribution in the curly brackets and
Q = q; — q, = q, — g, for the second contribution.

b
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Figure 4. The routes of the four-phonon scattering
process considered in this paper. The intermediate
states can go either forward or backward in time
as described in the appendix.
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Figure 5. The mean free path between transi-
tions for a high-frequency phonon, calculated from
the diagrams shown in figure 4 as a funciion of
phonon wavevector at the indicated ambient liguid
temperatures.

The third pair of diagrams is very similar to the second, but with the labels 3 and
4 exchanged, and results from the sum over intermediate states in the expression for

the matrix clement.

M. = l{(93|%|Q2Q)(QQ4|V3IQ1)
¢ w(g) —w(gy) —w(Q)

where £2Q =¢, — ¢34 = g3 — g,

(‘14[V3|‘?1Q><QQ31V3|92)
o(g) — (@) ~ (@) } (9

Finally, the fourth diagram is the four-phonon point vertex which is given by

M, = '(‘13‘74|"':1|(I1f12)

where

Vi = (1/41)(82/80%)(*/ p) o™,

(15)

(16}

The expressions for V), are readily evaluated in terms of the Griineisen constant using

the relations

(8/8p)(*/p) = (/p*)(2u—-1)
(8%/8p%)(*/p) = 2(* /%) (u ~1)2.

a7
(18)
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The complete expressions for each of the terms in the matrix element are given in
the appendix.

The transition rate for the injected high-frequency phonon gq, is calculated using
Fermji’s Golden Ruje

r, = 2% Y IMyoe(E) (19)

92,93

where g, is fixed by momentum conservation, p( E) is the density of final states in
an energy interval dE, and where E = hwypop = A(w, + w,) is the total energy
of the interaction. Double counting is avoided because g; is defined to be the high-
frequency outgoing phonon such that g3 > g, always. The mean free path A for a
chosen high-frequency phonon ¢,, with group velocity v, is then given simply by

A= /T, (20}

At this juncture, it is instructive to estimate the importance of these extra terms
in the matrix element. In doing 50, it is necessary to choose one particular sitvation
where all four phonons are specified. As stated earlier, the most probable outcome
was previously assumed to be where little energy and momentum was exchanged
between the phonons [12], and this is the case that is now investigated. Phonon g,
is taken as the incoming high-frequency phonon, g, as the thermal phonon, ¢, is the
outgoing high-frequency phonon, and g, the outgoing low-frequency phonon. So ¢,
and ¢y are approximately parallel, whereas ¢, and g, are at arbitrary angles. With
some simplifications, the matrix element can be written as

M o 21!.2 { “‘)12\ + w123 + w% }
a2 (wy +uwy)? - wi {wy; —wy)? = w% (wy —w,y)? — “’(2:
+(u=1)? @1)

where the subscripts A, B, and C refer to the intermediate state in that diagram. The
wavevectors of the intermediate states can be approximated such that

(wy +wq)fwy = (g1 + ¢2)/[q; + aale; - €3)] (22}
(wy —wy}fwg = (e; - ep) . (23)
(wy —wyd/we & (g — @}/[gy — qse, - €y)]- (24)

Because g,, g, and qp are low-frequency phonons at arbitrary angles to ¢,, then
letting each term with a dot product equal zero gives

Mz__,2ocu2{q1/q2—-Z—ql/q4}+(u—1)2 (25)

where g, =~ ¢, <€ ¢;. It can now be seen that in this specific case, the first and
third terms are the largest in magnitude, are approximately equal, and give a major
cancellation. Also, the fourth term which was previously regarded as unimportant is
now almost equal in importance with the first three terms due to this cancellation.
Therefore the strength of the four-phonon interaction has been dramatically weakened
as suggested by experimental observations.
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4. Numerical simulation

The expression for the matrix element given in the previous section contains many
terms involving the dispersion relation w(q), and the determination of an adequate
parametrization of this relationship is the starting point of the analysis. Previ-
ously published parametrizations [15, 16] are not sufficiently accurate over the whole
phonon spectrum from ¢ = 0 to the maxon peak. Neutron scattering measurements
provide the data points from which an interpolated analytical expression is found.
Using the most precise data for the phonon region [17], a sum of Chebyshev polyno-
mials

n
w(g) =) ¢;T;(x) (26)
i=1 ‘
was fitted by a least-squares method, where x varies linearly with ¢ from z = —1

at ¢ = 0 to = = +1 at the maxon peak at ¢ = 1.13 A~!. The coefficients given
by this method are ¢, = +8.4466, ¢, = +7.1757, ¢ = —1.6274, ¢; = —0.2624,
¢ = +0.1218, ¢ = +0.0085, and ¢, = 0.0192.

The simulation of the phonon evaporation signals was performed in the following
way. As each injected high-frequency phonon travels through the liquid, it scatters
with other excitations, which for T' < 0.6 K are predominantly thermal phonons. At
each interaction, the energy and direction of motion of the high-frequency phonon
will be affected. The mean free path between collisions is given by the transition rates
calculated using the expressions for the matrix element as given in the appendix. Due
to the complexity of these expressions, the transition rates were evaluated numerically
in a computer program, called ‘FOURPP’. This program also gives the probability dis-
tributions of the wavevector change Ag and angular change € of the high-frequency
phonon in each interaction. A second program, called ‘PULSE’, samples the distri-
butions of these scattering parameters to follow the progress of each high-frequency
phonon in the injected heat pulse through the liquid.

In ‘FOURPP’, the mean free path of the high-frequency phonon is calculated for
each value of the liquid temperature (50 mK < T" < 250 mK}, and for each high-
frequency phonon wavevector (g; > 0.55 A~1). A thermal phonon is then randomly
selected from an isotropic thermal distribution. These two phonons specify the total
energy fiwpoy and wavevector gpor Of the interaction. The wavevector range of
allowed interaction products describes a surface of revolution about grgy. The
shape of this surface is determined solely by the dispersion curve (if the dispersion
was linear, then this surface would be an ellipsoid with its foci separated by gpor)-

For each element of this surface, there exists a partial transition rate for the
production of the outgoing phonons which form this surface element. Summing over
all the elements of the surface gives the total transition rate for an interaction between
the two specified incoming phonons. To avoid double counting of final states, this
sum is taken over one half of the total surface such that g, is always greater than
q4. Averaging over the distribution of thermal phonons gives the transition rate for a
high-frequency phonon of wavevector g, travelling through a thermal distribution at
temperature T. The results of this procedure are shown in figure 5. Jt can be seen
that when all the contributions (to first order in intermediate states) to the matrix
clement for four-phonon scattering are included, the mean free paths are calcuiated
to be three to four orders of magnitude greater than those of the earlier theory shown
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in figure 2. This is due to cancellations between the terms in the expression for the
matrix element. The numerical simulation described above was repeated using only
the two diagrams shown in figure 1, and this gave a dependence on g of the mean
frec path similar to that shown in figure 5, but of the same order of magnitude as the
curves shown in figure 2. Therefore it is assumed that the dependence on g shown
in figure 2 arises from the simplifications made in the calculation of the cross section
in the earlier work [6]. The Landau-Khalatnikov theory only considered forward
scattering whereas in the present work all directions are considered. There is a large
density of states for backscattering which increases the scattering rate as g, decreases.

At each liquid temperature T, and for each initial wavevector g;, a 30 x 30 array
P(Agq,8) was created by ‘FOURPP', where Ag = q; — ¢, and cos 6 = e, - e;. Each
pair of final states has a corresponding transition rate associated with a wavevector
change Agq and angular shift § of the high-frequency phonon. The array element
into which this point falls is incremented by this rate. After summing over final states
and averaging over thermal phonons, each array is normalized such that the sum of
all the entries is unity. Each array element then contains the relative probability that
the final state occurs with that value of Ag and 8.

These arrays are sampled by ‘PULSE’, which simulates the propagation of phonons
through the liquid. The attenuation js evaluated at the same temperatures as those
used in calcuiating the mean free paths and scattering parameter arrays in ‘FOURPP’.
Several assumptions have been made.

(i) The high-frequency phonons travel ballistically between collisions with thermal
phonons. Interactions with other excitations generated by the heater are ignored
because of the short, low-power pulses used in the experiment.

(ii) The high-frequency phonons generated at the heater were assumed to be the
tail of a Planck distribution with an effective temperature 7, to be determined.

(iify Any phonon emerging from a collision with a wavevector less than the stability
threshold of g, = 0.55 A~! (determined from neutron scattering data [17]), decays
rapidly to an energy less than the binding energy of helium atoms to the liquid surface.
These phonons are deemed to be lost from the evaporation signal before there is a
chance of up-scattering in another four-phonon interaction because of strong decay
processes [2, 8, 18].

(iv) The probability of quantum evaporation is the same for all phonons with
energy greater than the binding encrgy.

The results of this simulation are presented in figure 7, together with the experi-
mental measurements.

5. Experiment

Liquid *He was condensed into a brass cell cooled to a base temperature of about
50 mK by a dilution refrigerator. *He, which contained less than one part in 10'? 3He
atoms, was condensed into the cell. The temperature of the cell was varied by applying
an electrical current to a heater in the mixing chamber of the dilution unit and
allowing the cell temperature to reach equilibrium. The temperature was measured
using a pre-calibrated Lakeshore germanjum resistance thermometer submerged in
the liquid in the experimental cell.

Non-thermal excitations were injected into the liquid by the Joule heating of
a 1 mm? gold film heater submerged in the liquid. The low heat capacity of the
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thin film ensured a short time constant of the order of tens of nanoseconds [19].
Previous experiments have shown that approximately 99% of the energy injected into
the liquid is in the form of low-frequency phonons, about 0.5% in the form of high-
frequency phonons, and about 0.5% as rotons [19]. At the liquid surface, the injected
high-energy excitations can each eject a single helium atom into the vapour. For
pulse lengths greater than 0.3 us, the high-frequency phonon evaporation signals are
strongly attenuated by scattering processes in front of the heater, and detected signals
are dominated by the R* (positive group velocity) rotons produced [20]. To study
phonon evaporation signals, a 10 mW heater pulse of 0.2 us duration was used.

Above the liquid *He surface is a 1 mm? zinc film bolometer which is vertically
above and facing the heater. The bolometer detects the energy deposited on its sur-
face by atoms evaporated from the bulk liquid surface. The bolometer is maintained
at a point on its superconducting transition curve by Joule heating from a negative
feedback bridge amplifier {21}. The transition temperature of the zinc is suppressed
from ~ 0.85 K to ~ 0.3 K to avoid excessjve heat input to the experimental cell by
applying an external magnetic field parallel to the film. For the small energy fluxes
at the bolometer in this experiment, the decrease in voltage feedback is proportional
to the energy flux. These variations in voltage feedback are amplified and electroni-
cally captured as a digitized waveforms in 1024 channels by a Biomation 8100 which
is triggered by the pulse to the heater. Because the signal is typically less than the
electronic noise, the waveform is averaged for up to 10° repetitions.

Between the heater and bolometer are four horizontal sheets of mica, each
(.12 mm thick and with circular collimating holes of 0.6 mm diameter. The colli-
mation is present to block the paths of excitations which are originally emitted by
the heater at large angles to the vertical. With no collimation present, the signals
are appreciably broader in time due to the greater number of long-distance, multiply
scattered, paths which are allowed.

A selection of detected evaporation signals from 10 mW, 0.2 us heater pulses for a
liquid path length of 10.2+£0.1 mm are shown in figure 6 at different ambicnt liquid
temperatures. The reduction in signal with increasing temperature is attributed to the
scattering of the high-frequency injected phonons with the thermal phonons in the
bulk liquid because the detection efficiency of the bolometer is relatively independent
of the ambient temperature [16]. The arrival time of the signal peak indicates that it
is due to fiw/kg ~ 10 K phonons. Because these phonons are close to the threshold
of stability against multiphonon decay [2, 18], the peak of the signal is attenuated
more rapidly than the tail which is due to slower phonons of higher frequency.

The phonon evaporation signal is integrated over the region of the peak to mini-
mize the effects of baseline drift. The roton contribution to the evaporation signal is
only significant when the vacuum path length is small, due to the refraction of the sig-
nal path away from the normal to the liquid surface (in quantum evaporation, energy
and momentum parallel to the liquid surface are conserved). This small roton con-
tribution is observed at temperatures ~ 0.2 K for the liquid path length of 15.6 mm,
and is approximately independent of temperature up to T ~ 0.25 K. So, a constant
value for the integrated roton contribution is subtracted from the integrated phonon
signal at all temperatures only for the liquid path length of 15.6 mm. Possible errors
introduced by this subtraction procedure will not significantly affect the temperature
dependence of the phonon evaporation signal. The results are shown in figure 7 as a
function of temperature at three liquid path lengths. The vertical separation of the
heater and bolometer is the same value of 15.7 mm in all three cases. For increasing
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Figure 7. The integrated phonon evaporation signal
as a function of liquid temperature for a total path
fength of 157 mm. The experimental data are for
liquid path lengths (@) 5.0 mm, (W) 10.2 mm, and
(A) 15.6 mm. The simulation resuits are for liquid

path lengths (A) 5.0 mm, (B) 10.2 mm, and (C)
15.6 mm. Curve D is the result obtained using only
the diagrams shown in figure 1 for a liquid path
length of 10.2 mm. The data and curves are scaled
to be equal to the lowest temperature.

liquid path lengths, the signal is attenuated more rapidly with temperature due to the
greater probability of phonon scattering in the liquid. The number density of atoms
in the vapour is so low that a negligible number of atom-atom collisions occur in the
space above the liquid.

Also shown in figure 7 are the results from the pulse simulation program ‘PULSE’
described in the previous section, for the same liquid path lengths used in the experi-
ment. The effective temperature T, of the phonon distribution is taken to be 0.7 K.
The agreement is considerably better than with the older incomplete version of the
theory. For comparison, curve D is the simulated attenuation for a liquid path length
of 10.2 mm, calculated in exactly the same fashion as above, but using only the two
diagrams shown in figure 1. The only two parameters in the model that can, to some
extent, be varied are T, and ¢ all the other parameters in the model are relatively
well defined. The long-wavelength limit of the Griineisen parameter has been used
in these calculations because an accurate wavevector dependence of the Grineisen
parameter is not available [22].

The effective temperature of the phonon spectrum emitted by a heater at high
pressures (where phonon decays are prohibited) has been measured to be ~ 0.7 K
at heater powers similar to that used here [23]. This temperature only describes the
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shape of the phonon spectrum and not the phonon number density which is deter-
mined by the heater power. So, we assume in this work that at the saturated vapour
pressure where phonon decays are allowed, the spectrum of the stable high-frequency
phonons is described by this value of effective temperature. We find that increasing
the effective temperature of the phonon spectrum worsens the agreement between
the measurements and the simulation, so we have not included any contribution to
the injected phonons from the elastic channel between the heater and the liquid
helium [19], because that would shift the spectrum to higher phonon frequencies. In
fact, better agreement is found for T, = 0.5 K, but as this is lower than previous
measurements, we have chosen not to use it for the comparisons presented here.

A value of g, ~ 0.53 A-! has been measured directly for phonons propagating
over a liquid path length of 1.1 mm [18]. Using this value of g_ gives a marginally
better fit to the data; however, it is unclear whether this decay cut-off has the same
value for these longer liquid path lengths.

Although the agreement between the simulated and experimental attenuation
curves is not perfect, the theoretical interaction rate is now weaker than the experi-
mental rate. The theoretical rate could now be increased by extending the matrix
element to include higher-order diagrams in the four-phonon scattering process (in-
volving multiple propagators). The inclusion of higher-order scattering processes
where two phonons collide to produce three or more final-state phonons should aiso
increase the scattering rate and improve the agreement even further.

6. Summary

The hydrodynamic theory of four-phonon scattering has been extended to include
further terms in the matrix element. These extra terms, which have previously been
disregarded as upimportant, give significant canceilations with the leading term which
was the only term previously considercd. The density of final states favours a large
transfer of momentum and energy from the high-frequency incoming phonon to the
low-frequency incoming phonon. This is not significantly modified by the matrix
clement, which is at variance with earlier calculations based only on the single leading
diagram. It is found that the mean free path for high-frequency phonons in He II is
approximately three orders of magnitude larger thar previous theoretical estimatcs.
With no free parameters in the calculations, this analysis of four-phonon scattering
gives good agreement with the experimental measurements in the temperature range
considered. It is believed that this is the first quantitative agreement of the theory of
four-phonon scattering in any material with experimental measurements.
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Appendix
The complete expressions for the terms in the matrix element are
My = (8 /80,V)[nny(ng + 1)(ny + 1) exp{~i(w; + wy — wy —w,)t}

w 6(q1+q2—Q)5(Q—-93-q4)+ 8(q; + 9, + Q)6(Q+ g5+ g4)
(wy + wy —wg) (—wy —w; —wg)

Wy tdq M Wyl i72
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My = (B*/8p,V)[nyny(ng + 1)(ng + 1] exp{~i(w; + wy —wy - wa)t}
y {6(%— - Q5Q+a -9 | (- a2+ QQ-a, + q4)}
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1/2 o 12
R

+
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M= hzc;(ﬁ::;’ = (wﬁiijz?)l/z [nyn5(ns+ 1){ng+ 1)]26(g; + 92~ 95— 94)
 exp{—i(e, + ey — g — i)} (43)

The expression for M (the ‘exchange’ diagram [24]) is not printed here because it
is similar to My apart from the interchange of subscripts 3 and 4.

The expressions for M,, My and M. would contain a factor of n, + 1 if only
the intermediate states created at the first vertex and annihifated at the later vertex
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(the arrow of the intermediate state poing forward in time) are considered. If the
intermediate state is first ‘borrowed” from the ambient distribution and then replaced
by creation at the later vertex (arrow going backwards in time), these contributions
contain a factor of n,. Because the denominators have opposite sign in these two
cases, the ng-factor is removed by the summation over intermediate states {1].
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